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Abstract. Stability of inviscid shear shallow water flows with free surface is studied in the
framework of the Benney equations. This is done by investigating the generalized hyperbolicity of
the integrodifferential Benney system of equations. It is shown that all shear flows having monotonic
convex velocity profiles are stable. The hydrodynamic approximations of the model corresponding to
the classes of flows with piecewise linear continuous and discontinuous velocity profiles are derived and
studied. It is shown that these approximations possess Hamiltonian structure and a complete system
of Riemann invariants, which are found in an explicit form. Sufficient conditions for hyperbolicity
of the governing equations for such multilayer flows are formulated. The generalization of the above
results to the case of stratified fluid is less obvious, however, it is established that vorticity has a
stabilizing effect.
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1. Introduction. The classical shallow water equations [22] describe the prop-
agation of long waves on a free surface under the assumption that the flow under
consideration is potential. In this model, only the depth-averaged velocities are used
in the formulation of the governing equations. However, in practice, fluid flows are
sheared, which is mainly due to the viscosity effects near boundaries. Obviously, for
a more accurate modeling of the wave propagation it is also necessary to take into
account nonuniformity of the flow.
An extension of the classical shallow water theory to vortical fluid flows was
proposed by Burns [3], who was the first to study plane parallel shear flows of an
inviscid fluid in linear approximation and derive the dispersion relation for normal
modes. In this case, the speed of propagation of a perturbation is determined by an
integral relation depending on the horizontal velocity profile over depth. A nonlinear
model of long surface waves in shear flow was derived by Benney [1] and represents
an integro-differential system of equations in contrast with the quasi-linear system
for potential flow. Nevertheless, it was shown in [1] that the Benney system can be
written in the form of the so called infinite-component moment chain and, similarly
to the classical shallow water equations, possesses infinitely many conservation laws.
Zakharov [28] established the equivalence between the Benney system and the Vlasov
kinetic equation, and Teshukov, Russo, and Chesnokov [25] found an explicit trans-
formation between these two models. Kupershmidt and Manin [16] and Lebedev and
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STABILITY OF SHEAR SHALLOW WATER FLOWS 1069
Manin [17] found the local Hamiltonian structure and the Lax pair, respectively, for
the Benney system. Families of exact solutions, having the structures of traveling and
simple waves, were constructed and interpreted by Freeman [12], Sachdev [20], Varley
and Blythe [27] and Teshukov, Russo, and Chesnokov [25].
In [28] Zakharov considered the first nontrivial multicomponent reduction of the
Benney system for a multilayered fluid, proved its integrability, and constructed a
complete infinite set of conservation laws for this reduction. Zakharov’s multilayer
reduction has the following important property: at each point x the horizontal com-
ponents of the velocity within each layer are constant and distinct generally implying
sliding between layers. This property does not allow one to apply Zakharov’s reduction
to the description of fluid flows with vertically varying continuous velocity profiles.
Stability of shear flows for the full Euler equations is a fundamental problem of
fluid mechanics (see, e.g., [10]). The classical stability and instability criteria for-
mulated in terms of growth of linear perturbations (Rayleigh, Fjortoft) are obtained
only for flows between rigid walls. Some recent works use the generalized notion of
stability as the well-posedness of time evolution, i.e., hyperbolicity (see [7, 8]), but
they also consider either flows between rigid walls, or use periodic boundary condi-
tions in the vertical direction. However, the presence of a free surface can obviously
change the flow stability criteria and, to our knowledge, stability of shallow water
shear flows with a free surface has not been studied before. We note that, being
an integro-differential system, the Benney equations cannot be directly classified in
terms of the hyperbolicity property. A generalized theory of characteristics and the
notion of hyperbolicity for integro-differential equations of the long wave theory was
introduced by Teshukov [23, 24] and Liapidevskii and Teshukov [18]. They developed
new mathematical tools for the qualitative study of integro-differential hyperbolic
equations. Applying this technique, Chesnokov and Khe [5] revealed an analogue of
Landau damping for the Benney equations.
The structure of the paper is as follows. In section 2, we present the necessary
preliminaries on the hyperbolicity of the Benney equations in the sense of [23, 24]. We
then show that, if the velocity profile over the vertical coordinate varies smoothly, then
its monotonicity and convexity is sufficient for the stability of flows with a free surface.
We also extend this result for the Fjortoft-like velocity profiles. Using the Vlasov-like
formulation of the governing equations we reveal an analogy between the criteria for
the stability of plasma waves and shear flows. In section 3 we derive the models
describing flows with a piecewise linear (continuous or not) velocity profile. We then
formulate sufficient conditions for the stability of such multilayer flows. The stability
study is based on the verification of the hyperbolicity condition. We also reveal some
important mathematical properties of the equations for multilayer flows (the existence
of Riemann invariants and the Hamiltonian structure). It should be stressed that
our approximation of the Benney equations for shear flows with piecewise constant
vorticity is an important “upgrade” of the classical Zakharov reduction [28] as it
admits a class of physically natural continuous velocity profiles. In section 4, we
consider two-layer stratified flows with a piecewise linear velocity profile. We show
that the generalization of previous results to the case of stratified flows is hardly
possible. Nevertheless, we can state that the presence of vorticity has a stabilizing
effect on the flow of stratified fluid. Finally, in section 5 we draw some conclusions
from our study.
2. Benney equations and the hyperbolicity condition. Consider the two-
dimensional time-dependent flow of an inviscid homogeneous fluid under the action
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1070 CHESNOKOV, EL, GAVRILYUK, AND PAVLOV
of gravity g. Let z = 0 and z = h(t, x) be the positions of the rigid bottom and free
surface, respectively. The dimensionless Euler equations governing the motion are
(1) ut + uux + wuz + px = 0, ε
2(wt + uwx + wwz) + pz = −g, ux + wz = 0.
The boundary conditions are:
(2) w|z=0 = 0, ht + uhx − w|z=h = 0, p|z=h = p0.
Here u = V −1u∗, w = L(V H0)−1w∗, p = (ρV 2)−1p∗, x = L−1x∗, z = H−10 z
∗,
t = V L−1t∗, and g = H0V −2g∗ are dimensionless components of the velocity, pressure,
Cartesian coordinates, time, and gravity, respectively; u∗, w∗, p∗, x∗, z∗, t∗, and g∗
are the corresponding dimensional variables. The parameters L, H0, and V denote
the horizontal scale of the wave, the mean depth, and the characteristic velocity,
respectively; the dimensionless parameter ε = H0/L. The constants ρ and p0 are
the density of the fluid and the dimensionless atmospheric pressure, respectively.
The vorticity of a two-dimensional flow has only one nontrivial component −ω =
H0V
−1ω∗, where ω = uz − ε2wx. It conserves along the trajectories
(3) ωt + uωx + wωz = 0.
If the waves are long, i.e., the dimensionless parameter is small, ε  1, and at
leading order in ε the pressure is hydrostatic so that p = g(h− y) + p0, the problem
(1), (2) reduces to the system of Benney equations [1]
(4)
ut + uux + wuz + ghx = 0,
ht +
(∫ h
0
u dz
)
x
= 0, w = −
∫ z
0
ux(t, x, z
′) dz′.
This system describes the propagation of nonlinear long waves in a shear flow with
a free surface. From (4) one can deduce that the long-wave vorticity ω = uz also
satisfies (3). The classical shallow water theory corresponds to the irrotational motion
u = u(t, x), w = −zux. The flow is described by the well-known nonlinear shallow
water equations (Saint-Venant equations):
ut + uux + ghx = 0, ht + (uh)x = 0.
Generalized hyperbolicity conditions for the integro-differential equations (4) on
a solution u(t, x, z), h(t, x) with a monotonic velocity profile (e.g. uz > 0) are formu-
lated in [23, 18, 25] in terms of the characteristic function
(5) χ(k) = 1− g
∫ h
0
dz
(u− k)2 = 1 + g
∫ h
0
1
uz
∂
∂z
(
1
u− k
)
dz .
More precisely, let us consider the limit values of χ(k) on the interval [ub, us] (here the
subscripts b and s correspond to the values of χ(k) at z = 0 and z = h, respectively)
from the upper and lower complex half-planes:
(6) χ±(u) = 1 + g
(
Ws
us − u −
Wb
ub − u −
∫ h
0
W ′z dz
′
u′ − u ∓ pii
Wz
uz
)
.
Relations (6) are obtained from (5) by integration by parts and the application of the
Sokhotski–Plemelj formulas. Here W = 1/uz, u
′ = u(t, x, z′), W ′ = W (t, x, z′).
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Fig. 1. A typical graph of the function
χ(k), k ∈ (−∞, ub) ∪ (∞, us), for a monotonic
(uz > 0) velocity profile.
Fig. 2. Contour in the complex plane ζ
used for the formulation of the hyperbolicity
conditions.
Let the bounded function W > 0 be differentiable with respect to z, and Wz
is Ho¨lder continuous on the interval z ∈ [0, h]. Then the characteristic equation
χ(k) = 0 has exactly two real roots k = kl < ub and k = k
r > us (see Figure 1).
Indeed, χ(k) → 1 if k → ±∞; χ(k) → −∞ if k → ub − 0 or k → us + 0; χ′(k) < 0
for k < ub and χ
′(k) < 0 for k > us. Equations (4) are hyperbolic (in the sense of
[23, 24]) if the following condition holds:
(7) ∆arg
χ+(u)
χ−(u)
= 0, χ±(u) 6= 0.
The argument increment is calculated when z changes from 0 to h at fixed values of
t and x.
The condition (7) ensures, in particular, the absence of complex roots of the
characteristic equation χ(k) = 0. Consider the domain D (see Figure 2) in the plane
of complex variable ζ = ζ1 + iζ2, bounded by a circle Γ of radius Rε with center at
the origin of coordinates, circles γj of radii rε with centers at the points k
l, kr, ub,
us, and segments γ
± of the cut sides (ub, us). One supposes that rε → 0, Rε → ∞
as ε → 0. The increment in the argument of the function χ(ζ) along the boundary
of the domain D normalized by 2pi is equal to the number of zeros of the function
χ(ζ) in this domain. Indeed, χ(ζ) has no poles in the domain D. Moreover, χ(ζ) has
first-order zeros at the points ζ = kl, ζ = kr and first-order poles at the points ζ = ub,
ζ = us. Thus, χ(ζ) has no zeros in the domain D if the increment of its argument
along segments γ± is equal to zero.
Following [23, 18, 25] we introduce the Riemann invariants
(8) R = u− g
∫ h
0
dz′
u′ − u, r
i = ki − g
∫ h
0
dz
u− ki (i = l, r).
(Note that (3) is already in Riemann form with ω = uz being the Riemann invariant).
Here kl and kr are the roots of the characteristic equation χ(k) = 0. Let the functions
u(t, x, z) and h(t, x) be a solution of (4), then the Riemann invariants satisfy the
equations
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1072 CHESNOKOV, EL, GAVRILYUK, AND PAVLOV
(9)
Rt + uRx + wRz = 0, ωt + uωx + wωz = 0,
rlt + k
lrlx = 0, r
r
t + k
rrrx = 0.
According to [23, 18] systems (4) and (9) are equivalent on smooth solutions if the
hyperbolicity condition (7) holds.
Remark 2.1. Characteristic properties of (4) for flows with a nonmonotonic ve-
locity profile were studied in [26]. Let the function u(t, x, z) satisfy the following
conditions:
(10)
uz > 0 for z ∈ [0, z∗(t, x)), uz < 0 for z ∈ (z∗(t, x), h(t, x)],
uzz(t, x, z∗) 6= 0, ub = u(t, x, 0) < u(t, x, h),
i.e., z = z∗ is the maximum point for u as a function of z. We define the complex
function
χ1(ζ) = (ζ − u∗)
(
1− g
∫ h
0
dz
(u− ζ)2
)
,
where u∗ = u(t, x, z∗). According to [26] the generalized hyperbolicity conditions for
(4) for flows of class (10) are formulated as follows:
1
pi
∆arg
χ+1 (u)
χ−1 (u)
= −3, χ±(u) 6= 0.
Here χ±1 (u) are the limiting values of χ1(ζ) from the upper and lower complex half-
planes on the segment [ub, u∗]. The argument increment is calculated when u changes
from ub to u∗.
Unfortunately, singularity of 1/uz at the point z = z∗ does not allow one to
represent the function χ1(ζ) in the form of the Cauchy-type integral (as was done
in (5) by integration by parts) and define the functions χ±1 (u). For this reason we
restrict our consideration here to flows with monotonic velocity profiles.
2.1. Stability analysis. Let us study the stability of shear flows with a free
surface. We say that the flow is stable if the corresponding system of equations is
hyperbolic. In particular, we show that for smooth flows with a monotonic and convex
velocity profile the hyperbolicity condition (7) is always fulfilled.
Let u = U(z), U ′(z) > 0 (the variables t and x are fixed). In the verification of
the hyperbolicity condition (7), it is convenient to use the functions
Ψ±(U) = m(U)χ±(U), m(U) = (U1 − U)(U − U0) ≥ 0
which have no poles at the boundary points U0 = U(0) and U1 = U(h). Here the
complex functions χ± are defined by (6). Following [18], in the plane (Z1, Z2) we
construct a closed contour C consisting of the contours C− and C+. The contour C−
is given parametrically by the equations
Z1 = Re{Ψ−(U)}, Z2 = Im{Ψ−(U)}
for U varying from U0 to U1. A contour C
+, which is symmetric to the contour C−
with respect to the Z1 axis, is given by the same equations but with the function
Ψ+(U). The contour C allows one to determine the argument increment of the func-
tions Ψ±(U) (or χ±(U)) when U changes from U0 to U1. According to the argument
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STABILITY OF SHEAR SHALLOW WATER FLOWS 1073
principle, if the point of Z1 = 0, Z2 = 0 lies in the domain bounded by the contour C,
then the argument increment of Ψ± is not equal to zero. This means that condition
(7) is violated and, consequently, the characteristic equation χ(k) = 0 has complex
roots (the function χ(k) = 0 is given by (5)). Otherwise, if the point Z1 = 0, Z2 = 0
is not in the domain bounded by the contour C, condition (7) is satisfied and the
governing equations (4) for the corresponding solution are hyperbolic.
Taking into account the identity Wz = (1/U
′)′ = −U ′′/(U ′)2 one obtains
Ψ±(U) = m(U)
(
1 + g
∫ h
0
U ′′(ξ) dξ
(U ′(ξ))2(U(ξ)− U(z))
)
+ g
(
U − U0
U ′1
+
U1 − U
U ′0
)
± gpii m(U)U
′′
(U ′)3
.
We will use these functions to prove the following main statements.
Lemma 2.2. Let U ′′(z) 6= 0, then the flow is stable (Rayleigh-like criterion).
Lemma 2.3. Let U ′′ < 0 for z ∈ [0, zc), U ′′(zc) = 0, and U ′′ > 0 for z ∈ (zc, h].
Then the flow is stable.
Lemma 2.4. Let U ′′ > 0 for z ∈ [0, zc), U ′′(zc) = 0, and U ′′ < 0 for z ∈ (zc, h].
Then the flow may be unstable.
We now present the proofs of these statements.
Proof of Lemma 2.2. If U ′′(z) 6= 0, then the functions Im Ψ±(U) have a constant
sign in the interval (U0, U1) because U
′ > 0, m(U) > 0, and U ′′ 6= 0. For U = U0 and
U = U1 the imaginary part of Ψ
±(U) vanishes and the functions take the following
values at these points:
(11) Ψ±(U0) = g
U1 − U0
U ′0
> 0, Ψ±(U1) = g
U1 − U0
U ′1
> 0.
A typical velocity profile u = U(z) and corresponding contour C− are shown in
Figure 3. This figure is obtained for the function
U(z) =
(z + 1)−3/4 − 1
2−3/4 − 1 , z ∈ [0, 1],
with g = 1 (in this case U ′′ < 0). The point Z1 = 0, Z2 = 0 is not in the domain
bounded by the contour C. This means that the arguments of the complex func-
tions Ψ±(U) do not increase as U is changed from U0 to U1 and, consequently, the
hyperbolicity condition (7) is satisfied.
Proof of Lemma 2.3. This statement is a Fjortoft-like criterion which can also be
written in the following form. Let
(12) (U(z)− Uc)U ′′(z) ≥ 0, z ∈ [0, h],
then the flow is stable. Here z = zc is an inflection point at which U
′′(zc) = 0 and
Uc = U(zc). By the definition of the functions Ψ
±, the sign of ImΨ± coincides with
the sign of U ′′. As before, at the boundary points U0 and U1 the functions Ψ± take
the positive values. Therefore, the question of the satisfaction of the hyperbolicity
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Fig. 3. An example of a monotonic convex velocity profile u = U(z) (a) and the corresponding
contour C− in the complex plane (Z1, Z2) (b) (the arrows indicate the direction of the path tracing).
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-0.5
0.5
(b)
0
Z
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2
Fig. 4. An example of a monotonic velocity profile (solid line) which satisfies condition (12)
(a) and the corresponding contour C− in the complex plane (Z1, Z2) (b).
condition (7) reduces to validating the inequality Ψ±(Uc) > 0. When inequality (12)
is satisfied, we have
Ψ±(Uc) = g
(
Uc − U0
U ′1
+
U1 − Uc
U ′0
)
+m(Uc)
(
1 + g
∫ h
0
(U(z)− Uc)U ′′(z) dz
(U ′(z))2(U(z)− Uc)2
)
> 0,
since all the terms of the expression are positive.
A typical velocity profile satisfying condition (12) and the corresponding contour
C− are shown in Figure 4, which is obtained for the function
z(U) =
((
1− a1U
3
)
a2U
2
+ 1 +
(a1 − 3)a2
6
)
U, U ∈ [0, 1]
(here Uc = 1/a1), with a1 = 1.9, a2 = 3.5, g = 1.
Proof of Lemma 2.4. Although at the boundary points inequalities (11) are still
satisfied and the imaginary part of the functions Ψ± changes sign once with a change
in U from U0 to U1, we cannot guarantee that Ψ
±(Uc) > 0. Indeed, let us consider
the following class of velocity profiles
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Fig. 5. Monotonic velocity profiles from class (13) (a) and corresponding contours C− (b)
obtained for zc = 0.47, a = 2.8 (solid lines), and a = 3.5 (dashed lines).
(13) U(z) =
tanh((z − zc)a) + tanh(azc)
tanh((1− zc)a) + tanh(azc) , z ∈ [0, 1] ,
which corresponds to the considered case. Here zc is inflection point and U
′′′(zc) < 0.
The parameter a affects the rate of change of the function U(z) near the inflection
point: the velocity profile tends to a discontinuous piecewise constant function as
a→∞.
A velocity profile belonging to class (13) and the corresponding contour C− are
shown in Figure 5 (solid lines) for zc = 0.47, a = 2.8, and g = 1. As we can see
from Figure 5(b) the point of Z1 = 0, Z2 = 0 is not in the domain bounded by the
contour C. Consequently, the hyperbolicity condition (7) is fulfilled. Dashed lines in
Figure 5 are obtained for a = 3.5 (the others parameters are the same). In this case
the point of Z1 = 0, Z2 = 0 belongs to the domain bounded by the contour C and
the hyperbolicity condition (7) is violated.
We have proved that the classical stability criteria for shear flows of ideal fluid [10]
correspond to the hyperbolicity condition (7) of the governing equations (4). Thus
the Rayleigh–Fjortoft criteria (for flows with monotonic velocity profile) provide the
hyperbolicity of the flow with a free surface, i.e., it is a sufficient condition of the sta-
bility for vortex shallow water flows. The same correspondence between the classical
stability criteria and the hyperbolicity condition for the integro-differential equations
of the long-wave theory for the flow between rigid walls was established in [15].
Let us also remark that the convexity of the velocity profile is not sufficient for
the stability, if the dispersive terms are added. For the Serre–Green–Naghdi-type
equations the stability criterion was established in [13] where the additional (with
respect to the convexity and monotonicity conditions) inequalities were added to
guarantee the flow stability even for the case of the flow between walls.
2.2. Vlasov-like formulation. Governing equations (4) admit a kinetic formu-
lation [28] in the case of flows with nonzero vorticity (we choose uz > 0 as before).
Following [25] we make a change of variables to new independent t, x, u and dependent
W = 1/uz, ub(t, x) = u(t, x, 0), us(t, x) = u(t, x, h) ones. For the unknown functions
W (t, x, u), ub(t, x), and us(t, x) we obtain a closed integro-differential model
D
ow
nl
oa
de
d 
11
/0
6/
17
 to
 1
58
.1
25
.8
0.
19
2.
 R
ed
ist
rib
ut
io
n 
su
bje
ct 
to 
SIA
M 
lic
en
se 
or 
co
py
rig
ht;
 se
e h
ttp
://w
ww
.si
am
.or
g/j
ou
rna
ls/
ojs
a.p
hp
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 
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(14)
Wt + uWx − ghxWu = 0, h =
∫ us
ub
W du,
ubt + ububx + ghx = 0, ust + ususx + ghx = 0,
which is analogous to the Vlasov kinetic equation. The variable W , which is inversely
proportional to the long-wave vorticity, acts as a distribution function.
Indeed, due to the identities
du = ut dt+ ux dx+ uz dz, dz = zt dt+ zx dx+ zu du
we have
(15) ut = −ztuz, ux = −zxuz, uzzu = 1.
Substituting relations (15) into the first equation of (4) one obtains
zt + uzx − w − ghxW = 0,
where W = zu. Further, we differentiate the above equation with respect to u and take
into account that zx − wu = 0 (this formula is a direct consequence of the definition
of w following from (4)). As a result, we obtain the first equation of system (14).
As a consequence of (4) we obtain
ujt + ujujx + ghx = 0 (j = b, s).
While the equation for the velocity ub at the bottom y = 0 is straightforward, the
second equation for velocity us = u at the free surface z = h is less obvious. It can
be obtained as follows:
ust + ususx + ghx = ut + uux + uz(ht + uhx)
∣∣
z=h
+ ghx
= ut + uux + wuz + ghx
∣∣
z=h
= 0.
The second equation in (4) reads(∫ us
ub
W du
)
t
+
(∫ us
ub
uW du
)
x
= 0.
It is easy to verify that this equation is fulfilled by virtue of (14).
Remark 2.5. Kinetic formulation (14) of the Benney equations (4) allows one to
reveal an analogy between the stability criteria for plasma waves and shear flows. It
is known [21] that any solution of the one-dimensional linearized Vlasov equation is
stable if it is defined by a distribution function with a single maximum. Obviously,
the functions W = W (u) with one maximum obey the inequality
(uc − u)W ′(u) ≥ 0,
where u = uc is the extremum (maximum) point. Since the velocity profile u = U(z)
is related to the distribution function W = W (u) as uz = 1/W and, consequently,
Wu = −uzz/u3z, we obtain the Fjortoft stability criterion (12).
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W
uu
z
hi
hi+1
hi-1
ui
vi
vi-1
ui+1
(a) (b)
zi-1
zi
zi+1
Wi
Wi-1
Wi+1
ui viui-1 vi-1
Fig. 6. An example of a piecewise linear velocity profile (the variables t and x are fixed) (a) and
the corresponding “kinetic” ansatz (b); solid lines—general case, dashed lines—flow with piecewise
constant vorticity and a continuous velocity profile.
3. Class of piecewise linear velocity profiles: Governing equations. Let
us consider the class of flows with a piecewise linear velocity profile (see Figure 6)
(16) u = ωi(z − zi−1) + ui, z ∈ (zi−1, zi), i = 1, . . . , N,
and introduce the following notations. Each ith layer is characterized by the velocity
ui(t, x) at the lower boundary and the depth hi(t, x) = zi − zi−1, as well as by the
constant vorticity ωi. We also introduce velocity vi(t, x) = ωihi + ui at the upper
boundary of the layer and the average velocity u¯i(t, x) = (vi + ui)/2 = ui + ωihi/2.
It is obvious that z0 = 0, zN = h = h1 + · · · + hN . We also note that due to the
definition of vi we have
(17) vit + vivix + ghx = uit + uiuix + ghx + ωi
(
hit + (u¯ihi)x
)
, i = 1, . . . , N.
At the upper and lower boundaries of each layer the following kinematic conditions
should be satisfied:
(18)
∂zi
∂t
+ vi
∂zi
∂x
= w+i ,
∂zi−1
∂t
+ ui
∂zi−1
∂x
= w−i , i = 1, . . . , N.
Here w+i and w
−
i are the values of the vertical velocity w at z = zi−0 and z = zi−1+0,
respectively. Taking into account representation (16), equation ux + wz = 0, and
kinematic condition (18) at z = zi − 0 one can express velocity w in the form
(19) w = −(z − zi−1)
(
∂ui
∂x
− ωi ∂zi−1
∂x
)
+
∂zi−1
∂t
+ ui
∂zi−1
∂x
, z ∈ (zi−1, zi).
Let us calculate the difference w+i −w−i using (18) and formula (19). As a result, we
obtain
(20) hit +
(
u¯ihi
)
x
= 0, i = 1, . . . , N.
Substitution of the velocities u and w given by formulas (16), (19) into the first
equation of (4) yields
(21) uit + uiuix + ghx = 0, i = 1, . . . , N.
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Equations (20) and (21) form a closed system for 2N unknown functions hi and ui.
In view of (17) we can formulate the system governing flows from the class (16) in
terms of hi and vi. If all ωi 6= 0, then one can also use the variables ui and vi.
Remark 3.1. In terms of the Vlasov-like formulation (14) the class of solutions (16)
corresponds to a piecewise constant distribution function W in the form [6]
W (t, x, u) =
N∑
i=1
(θ (u− ui(t, x))− θ (u− vi(t, x)))Wi,(22)
where θ is the Heaviside step function, and Wi = 1/ωi are positive constants. The
functions ui and vi are ordered in such a way that ui+1 > vi (see Figure 6). Substi-
tution of (22) into the first equation in (14) yields
N∑
i=1
((vit + vivix + ghx) δ(u− vi)− (uit + uiuix + ghx) δ(u− ui))Wi = 0,
where δ is the Dirac delta function. Thus, we obtain the following system of 2N PDEs
(23)
vit + vivix + ghx = 0, uit + uiuix + ghx = 0, i = 1, . . . , N,
h =
N∑
j=1
(vj − uj)/ωj ,
describing the piecewise constant ansatz (22) of the Vlasov-like model (14), which
corresponds to a free surface shear flow with a piecewise linear velocity profile. Note
that ub = u1 and us = vN so the second and third equations in (14) are already
included in (23). Obviously, that (23) is equivalent to (20), (21) if ωi 6= 0. System (23)
represents the so-called waterbag reduction of the Benney equations. This type of
reduction of kinetic equations play important role in plasma physics [9]. We note that
a system equivalent to (23) appears in [2] as a formal reduction of the dispersionless
Kadomtsev–Petviashvili equation, outside any connection with vortical flows.
As was mentioned above, the shallow water equations for shear flows (4) can be
rewritten in terms of the Riemann invariants (9) if the hyperbolicity condition (7) is
satisfied. In particular, for a piecewise linear velocity profile the Riemann invariants
defined by formulas (8) (see also [2]) are
(24) ri = ki −
N∑
j=1
g
ωj
ln
∣∣∣∣ vj − kiuj − ki
∣∣∣∣ ,
where ki(t, x) are zeros of the characteristic function (5), i.e., the roots of the equation
(25) 1− g
N∑
i=1
1
ωi
(
1
vi − k −
1
ui − k
)
= 0.
If system (23) is hyperbolic, it can be written in the form
(26) rit + k
irix = 0, i = 1, . . . , 2N.
Representation (26), in particular, allows one to construct solutions in the class of
simple waves. The mth family (m = 1, . . . , 2N) of simple waves satisfies the relations
ri(u1, . . . , uN , v1, . . . , vN )=r
i
0=const, i 6= m, km(u1, . . . , uN , v1, . . . , vN ) = k(t, x),
where k(t, x) is a solution of the Hopf equation kt + kkx = 0.
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In some cases it is convenient to rewrite system (20), (21) in the form
(27) hit + (u¯ihi)x = 0, u¯it +
 u¯2i
2
+
ω2i h
2
i
8
+ g
N∑
j=1
hj

x
= 0, i = 1, . . . , N.
One can see that in the limit of zero vorticity, ωi → 0, i = 1, . . . , N , system (27)
yields the Zakharov reduction of the Benney equations [28]. Importantly, as we will
show in the next section, the presence in (27) of the terms related to vorticity enables
one to describe multilayer flows with physically relevant, continuous, velocity profiles,
not captured by the Zakharov reduction.
It should be noted that system (27) admits a canonical Hamiltonian formulation
(28)
∂hi
∂t
= − ∂
∂x
(
∂H
∂u¯i
)
,
∂u¯i
∂t
= − ∂
∂x
(
∂H
∂hi
)
, i = 1, . . . , N,
where the Hamiltonian is
(29) H =
1
2
N∑
j=1
u¯2jhj +
g
2
 N∑
j=1
hj
2 + 1
24
N∑
j=1
ω2jh
3
j .
Equations (27) obviously admit the energy and momentum conservation laws, with
the densities H defined above and P defined below:
P =
N∑
j=1
u¯jhj .
Apart from the Hamiltonian structure, the quasi-linear system (27) has a number
of remarkable properties including the availability of infinitely many conservation laws
and integrability. However, in this paper we focus only on the stability study leaving
other aspects related to the mathematical properties of (27) for a separate publication.
3.1. Class of piecewise linear continuous velocity profiles: Hyperbolic-
ity study. From system (23) one can derive that the variables si = ui+1 − vi satisfy
the equations
sit +
(
ui+1 + vi
2
si
)
x
= 0.
Obviously, if si|t=0 = 0, then si = 0 for all t > 0. This follows from the uniqueness of
the solution of the Cauchy problem for the above system. Thus, for a homogeneous
fluid, if the initial velocity profile is continuous, it will stay continuous for all time.
For the density-stratified fluid this statement is not valid.
Sliding between the layers is unusual for homogeneous fluids. Therefore, from the
physical point of view it is more natural to consider flows with a continuous velocity
profile. This naturally leads to an admissible, piecewise constant long-wave vorticity
ω = −uz. Indeed, in view of the Benney system (4), the equation for vorticity can be
rewritten as follows:
ωt +∇ · (ωu) = 0,
where u = (u,w) is the velocity vector. Let Σ(t) ⊂ R2(x, z) be a surface where the
function ω has a discontinuity, and n is the unit normal vector to Σ. From the above
equation we obtain the Rankine–Hugoniot condition
[(un − Vn)ω] = 0.
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1080 CHESNOKOV, EL, GAVRILYUK, AND PAVLOV
Here un = u · n is the velocity in the normal direction to Σ and Vn is the velocity of
Σ in the same direction, [f ] is the difference in the values of f at the two sides of Σ.
If Σ is a surface of contact discontinuity, i.e., if un = Vn, then the Rankine–Hugoniot
relations are satisfied for any discontinuity of the vorticity. Hence piecewise constant
vorticity profiles are weak solutions of the Benney equations.
N -layer flows of homogeneous fluid with a piecewise constant vorticity and a con-
tinuous velocity profile are defined by (16), where ui = vi−1. In this case system (20),
(21) takes the form
(30)
hit + (u¯ihi)x = 0, i = 1, . . . , N,
v0t + v0v0x + ghx = 0, h =
N∑
i=1
hi,
and consists of N+1 equations for the depths hi and for the velocity v0 at the bottom
z = 0. Here
(31) u¯i = vi − ωihi
2
, vi = v0 +
i∑
j=1
ωjhj .
The Riemann invariants for (30) are obtained from the general formulas (24) by
the reduction uj = vj−1. We stress that system (30), (31) represents an integrable
multilayer approximation of the Benney equations, which, unlike the Zakharov reduc-
tion [28], describe flows with continuous velocity profiles. As a matter of fact, the
presence of the admissible piecewise constant vorticity plays the crucial role in our
construction.
Now, using the generalized theory of characteristics [23, 18] introduced before, we
formulate sufficient conditions for hyperbolicity of (30). System (30) can be written
in the form
(32) ut +A(u)ux = 0,
where u = (h1, . . . , hN , v0)
T is the unknown vector and A(u) is the corresponding
matrix. To find the eigenvalues of A(u), one has to solve the equation
(33) D(k) = det(A− kI) = 0.
It is convenient to use the characteristic function χ(k) (5). We introduce the separate
notation χ¯(k) for this function evaluated on the piecewiselinear velocity profile (16)
with the additional requirement of continuity ui = vi−1. Then, on using the second
formula in (31), we obtain
χ¯(k) = 1 + g
N∑
i=1
1
ωi
(
1
vi − k −
1
vi−1 − k
)
= 1−
N∑
i=1
ghi
(vi − k)(vi−1 − k)
= 1− g
ω1
1
v0 − k +
g
ωN
1
vN − k − g
N−1∑
i=1
(
1
ωi+1
− 1
ωi
)
1
vi − k .
The roots k = ki of the equation χ¯(k) = 0 are the characteristic velocities of sys-
tem (30), and the following relation between the polynomial D(k) and χ¯(k) holds:
(34) D(k) = χ¯(k)
N∏
j=0
(vj − k).
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c
kv0 1 Ni-1 i+1v v vvN-10 iv v
k0 k
N
_
Fig. 7. A typical graph of the function χ¯(k) for the case ω1 > ω2 > · · · > ωN > 0.
The derivative of the function χ¯(k) is
(35) χ¯′(k) = g
N∑
i=1
1
ωi
(
1
(vi − k)2 −
1
(vi−1 − k)2
)
.
Lemma 3.2. Let all constant vorticities ωi be ordered
(36) ωN < ωN−1 < · · · < ω1 or ωN > ωN−1 > · · · > ω1.
Then system (30) is hyperbolic.
Proof. Let us suppose that all ωi have the same sign ωi > 0. We prove the lemma
statement for the case ω1 > · · · > ωN (the other cases are treated similarly). In the
intervals k ∈ (−∞, v0) and k ∈ (vN ,∞) the equation χ¯(k) = 0 has exactly two real
roots k0 < v0 and k
N > vN (see Figure 7). Indeed, χ¯(k)→ 1 if k → ±∞, χ¯(k)→ −∞
if k → v0−0, and χ¯(k)→∞ if k → vN + 0. Moreover, χ¯(k)′ < 0 if k ∈ (−∞, v0), and
χ¯(k)′ > 0 if k ∈ (vN ,∞); see (35). The function χ¯(k) is continuous on the intervals
k ∈ (vi, vi+1) and has the following limiting values
lim
k→vi−0
χ¯(k) = −∞, lim
k→vi+0
χ¯(k) =∞, i = 0, . . . , N − 1.
Thus, function χ¯(k) changes sign in the intervals k ∈ (vi−1, vi), i = 1, . . . , N − 1 and
the equation χ¯(k) = 0 has (at least) one root k = ki on each of these intervals (see
Figure 7). We show that the function χ¯(k) has at least N + 1 zeros k = ki, ki 6= vj .
According to definition (33), D(k) is a polynomial of order N + 1 and, consequently,
has N +1 roots. Taking into account relation (34) one can conclude that the function
χ¯(k) has exactly N + 1 zeros k = ki 6= vj .
Let the vorticities ωi be ordered and change sign such that
ω1 > · · · > ωj > 0 > ωj+1 > · · · > ωN .
Since ω−1i+1 − ω−1i > 0 for all i except for i = j, the function χ¯(k) has the following
limiting values,
lim
k→vi−0
χ¯(k) = −∞, lim
k→vi+0
χ¯(k) =∞, i = 0, . . . , j − 1, j + 1, . . . , N.
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Suppose that all the characteristic velocities vk are pairwise distinct, i.e., vi 6= vm for
i 6= m and thus can be ordered. To this end, instead of vi we introduce the variables qi
(ql = vm) which are ordered such that q0 < q1 < · · · < qN = vj . In this case Figure 7
(where qi stand for vi) also represents a typical graph of the function χ¯(k) having
N + 1 real roots ki 6= vm. We also note, that if vl = vm (l ≤ j,m > j), then k = vl is
a root of the equation D(k) = 0. Hence, the cases of coinciding velocities (vl = vm)
and zero vorticity (ωj = 0) are also taken into consideration.
Thus, we proved that conditions (36) provide the existence of N + 1 different
characteristic roots k = ki of (33). This means that system (30) is hyperbolic.
Inequalities (36) imply that system (30) is strictly hyperbolic and hence the flow
is stable in the sense of well-posedness of time evolution; see [7, 8]. This sufficient
condition (36) is reminiscent of the famous Rayleigh stability criterion about the shear
flow stability between rigid walls: if the velocity profile is convex, the flow is stable.
It weakens the criterion of stability proven in subsection 2.1 for the case of piecewise
linear velocity profiles.
Remark 3.3. Equations (30) for two-layer flows (N = 2) are always hyperbolic
because the two-layer velocity profile is always convex. Indeed, equation χ¯(k) = 0 has
two real roots kl < min vj and k
r > max vj (j = 0, 1, 2). Therefore, polynomial D(k)
has three real zeroes.
Remark 3.4. For multilayer flows the violation of conditions (36) may lead to
the loss of hyperbolicity of (30). Let us consider the following example of a three-
layer flow (N = 3) with unordered positive vorticities (ω1 < ω2, ω3 < ω2). These
parameters correspond to the piecewise linear approximation of a smooth nonconvex
velocity profile of type (13) (see Figure 5) when a Fjortoft-like criterion (12) cannot be
applied. We choose g = 1, h1 = h3 = 1, h2 = α ≥ 0, and ω1 = 1/2, ω2 = 1, ω3 = 1/4.
It is easy to verify that there are four real roots of the characteristic equation χ¯(k) = 0
if α > α∗ ≈ 0.885 or 0 ≤ α < α∗ ≈ 0.031. For α ∈ (α∗, α∗) there are only two real
roots of the equation. Hence, system (30) is not hyperbolic in this case.
Let us choose positive constants ωi > 0 such that ω1 > ω2, ω3 > ω2. It cor-
responds to three-layer (N = 3) piecewise linear approximation of the Fjortoft-like
velocity profile (see Figure 4). In this case system (30) is always hyperbolic, because
equation χ¯(k) = 0 has four real roots: k0 < v0, k
1 ∈ (v0, v1), k2 ∈ (v2, v3), and
k3 > v3. Indeed, ω
−1
2 − ω−11 > 0 and ω−13 − ω−12 < 0. Hence, χ¯(k) → +∞ as
k → v0 + 0 and k → v3 − 0; χ¯(k)→ −∞ as k → v1 − 0 and k → v2 + 0. This means
that there are roots k1 and k2 on the intervals (v0, v1) and (v2, v3), respectively.
4. Two-layer stratified flow with a piecewise constant vorticity. The
generalization of the above results to the case of multilayer stratified flows is less
obvious. Indeed, the fact that the densities in each layer are different implies that
even if the sliding at the fluid interfaces is absent initially, it can emerge during the
evolution. So, a continuous velocity profile does not exist in this case. The remarkable
fact of the existence of Riemann invariants for homogeneous multilayer systems is also
absent for stratified N -layer flows. Indeed, our calculation of the Haantjes tensor (see
Appendix A) shows that it vanishes identically only in the case of homogeneous fluids.
We present here the hyperbolicity analysis for two-layer stratified flows. A general
two-layer system is composed of two immiscible fluids of different constant densities
ρ1 and ρ2 confined between the upper free surface and the lower rigid boundary.
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Fig. 8. Schematic of the two-layer stratified flow.
The shear flow in the long-wave approximation is governed by the equations [4]
(37)
u1t + u
1u1x + w
1u1z + gh1x + gρh2x = 0, h1t +
 h1∫
0
u1 dz

x
= 0,
u2t + u
2u2x + w
2u2z + gh1x + gh2x = 0, h2t +
 h1+h2∫
h1
u2 dz

x
= 0,
w1 = −
z∫
0
u1x(t, x, z
′) dz′, w2 = −
z∫
h1
u2x(t, x, z
′) dz′ + h1t + u2(t, x, h1)h1x.
Here the variables ui(t, x, z), wi(t, x, z) and hi(t, x) are the velocity components and
the layer depths; g is the gravity acceleration and ρ ≤ 1 is a parameter defined by
ρ = ρ2/ρ1. The subscript i = 1 and 2 corresponds to the lower and upper layers of
the fluid, respectively (see Figure 8).
It should be noted that in the approximation considered, the vorticity in the layer
is proportional to uiz, and in the case of no velocity shear, system (37) reduces to the
well-known equations of two-layer shallow water [19].
Equations (37) describing two-layer shear flows were studied in [4] where a char-
acteristic function was obtained in the form
χˆ(k) = 1− g
h1∫
0
dz
(u1 − k)2 − g
h1+h2∫
h1
dz
(u2 − k)2
+ (1− ρ)g2
h1∫
0
dz
(u1 − k)2
h1+h2∫
h1
dz
(u2 − k)2 .
(38)
Equation χˆ(k) = 0 defines the velocity of propagation of a perturbation in the fluid. In
the case of stratified fluid (ρ < 1) the characteristic function χˆ(k) involves a nonlinear
term (with multiplication of integrals of the functions 1/(ui − k)2 over the depths of
the lower and upper layers). This complicates the analysis and formulation of the
hyperbolicity conditions for (37).
Let us consider the following class of flows,
(39)
u1(t, x, z) = ω1z + u1 = ω1
(
z − h1
2
)
+ u¯1, z ∈ (0, h1),
u2(t, x, z) = ω2(z − h1) + u2 = ω2
(
z − h1 − h2
2
)
+ u¯2, z ∈ (h1, h1 + h2),
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where, as before, ωi (i = 1, 2) are the constant vorticities in the layers, ui are the
velocities at the lower boundaries of the layers (at z = 0 and z = h1 + 0), and u¯i(t, x)
are the layer-averaged velocities. The corresponding velocity profile is presented in
Figure 9 for ω1 = 1, ω2 = 1/8, h1 = h2 = 1, u¯1 = ω1h1/2, u¯2 = u¯1 + 0.6 (solid), and
u¯2 = u¯1 + 0.9 (dashed line). These profiles differ only in the magnitude of the sliding
at the fluid interface.
In this case (37) takes the form
(40)
u¯1t + u¯1u¯1x +
(
g +
ω21h1
4
)
h1x + gρh2x = 0, h1t + (h1u¯1)x = 0,
u¯2t + u¯2u¯2x + gh1x +
(
g +
ω22h2
4
)
h2x = 0, h2t + (h2u¯2)x = 0.
If ρ = 1 (homogeneous fluid), (40) coincides with system (27) for N = 2. To study
hyperbolicity of (40) we rewrite this system in form (32), where u = (h1, h2, u¯1, u¯2)
T
is the unknown vector, and A(u) is a matrix of 4 × 4. The eigenvalues of A(u) are
determined by equations
(41) D(k) =
(
(u¯1 − k)2 − α1h1
)(
(u¯2 − k)2 − α2h2
)− g2ρh1h2 = 0,
where
α1 = g +
ω21h1
2
, α2 = g +
ω22h2
2
.
System (40) is hyperbolic if (41) has four real roots.
The characteristic velocities k can be directly obtained from equation χˆ(k) =
0. Indeed, substituting piecewise linear velocity profile (39) into (38) leads to the
following relation,
D(k) = (u1 − k)(v1 − k)(u2 − k)(v2 − k
)
χˆ(k),
where ui and vi are the fluid velocities at the lower and upper boundaries of the layers.
As was shown before, in the particular case u2 = v1 (continuous velocity profile) and
ρ = 1 (homogeneous fluid) the considered model is always hyperbolic.
An insightful geometric interpretation of the characteristics proposed by Ovsyan-
nikov [19] for two-layer potential flows (ωi = 0) can be applied here. We introduce
the new variables p and q by the formulas
(42) u¯1 − k = p
√
α1h1, u¯2 − k = q
√
α2h2;
then (41) can be rewritten in the form
(43) (p2 − 1)(q2 − 1) = g
2ρ
α1α2
.
In the (p, q)-plane, (43) describes a fourth-order curve with four symmetry axes
(see Figure 10). The variables p and q by virtue of (42) are related by
(44) q = p
√
α1/α2 + (u¯2 − u¯1)/√α2.
The number of real roots of (41) is determined by the number of intersections of the
curve (43) with the straight line (44). It is clear that the necessary condition for the
existence of 4 real roots is the following inequality,
µ =
√
1− g
2ρ
α1α2
> 0,
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Fig. 9. Piecewise linear velocity profile (39)
for h1 = h2 = 1, ω1 = 1, ω2 = 1/8, u¯1 =
ω1h1/2, u¯2 = u¯1+0.6 (solid), and u¯2 = u¯1+0.9
(dashed line).
Fig. 10. The curve (43) and the straight
lines (44) in the (p, q)-plane for the same pa-
rameters as in Figure 9 and g = 1, ρ = 1.
which is always fulfilled if 0 < ρ ≤ 1 and |ω1|+ |ω2| > 0. In the case of potential flow
(ωi = 0) the “radius” µ is
√
1− ρ. Hence, the presence of vorticity improves stability
of the two-layer flow. In particular, even for a homogeneous fluid (ρ = 1) the flow
can be stable, if the sliding between the fluid layers is sufficiently small (see Figures
9 and 10).
5. Conclusion. The classical stability criteria for shear flows (Rayleigh, Fjortoft)
are typically obtained for flows between rigid walls. Stability of shear flows with free
surface has been much less studied. The main goal of this work was to analyze stabil-
ity of shallow shear flows with a free surface in terms of hyperbolicity of the nonlinear
governing equations. First, we outlined the general hyperbolicity conditions (7) of
the Benney equations (4) introduced by Teshukov [23] and Liapidevskii and Teshukov
[18]. Further, we have proved in subsection 2.1 that the monotonicity and convexity
of the velocity profile are sufficient for the stability of shallow water shear flows with
a free surface. This result is also true for the Fjortoft-like velocity profiles (12). More-
over, we presented the class of flows (13) for which the hyperbolicity conditions (7)
may be violated. Kinetic formulation (14) of the governing equations allows one to
show the analogy between the stability criteria for plasma waves and shear flows.
In the subsequent sections we focus our attention on the multilayer flows with
piecewise linear (discontinuous or continuous) velocity profiles described by
models (23) and (30). We have revealed some important mathematical properties
of the models such as the existence of Riemann invariants (24) and the Hamiltonian
structure (28), (29). We have shown that the presence of nonzero vorticity enables one
to find multilayer integrable reductions of the Benney system describing shear flows
with a class of physically natural continuous velocity profiles, improving the properties
of the well-known Zakharov’s reductions. For the class of flows with piecewise linear
continuous velocity profile we formulated sufficient conditions of stability (36) which
are reminiscent of the famous Rayleigh–Fjortoft criterion. The generalization of the
results obtained for layered flows of homogeneous fluid to the case of density strati-
fied flows is less obvious. In particular, a continuous velocity profile does not exist.
Moreover, the Haantjes tensor (45) does not vanish for system (40) if the density ratio
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ρ 6= 1. This mean that the system does not admit Riemann invariants. Nevertheless,
we have been able to show that the presence of vorticity has a stabilizing effect on
the flow.
Appendix A. The Haantjes tensor: The diagonalizability criterion.
Any strictly hyperbolic system of quasi-linear equations of the type
ait + v
i
j(a)a
j
x = 0, i, j = 1, . . . ,M,
can be diagonalized, i.e., can be rewritten in terms of Riemann invariants if and only
if the Haantjes tensor [14] constructed in terms of the matrix vij(a) is identically
vanishing [11]. For computing of the Haantjes tensor one calculates first the Nienhuis
tensor
N ijk = v
p
j ∂pv
i
k − vpk∂pvij − vip(∂jvpk − ∂kvpj ), ∂p ≡ ∂/∂ap,
and then finally the Haantjes tensor
(45) Hijk = N
i
pnv
p
j v
n
k −Npjnvipvnk −Npnkvipvnj +Npjkvinvnp .
Symbolic computations show that the Haantjes tensor (45) vanishes identically for
system (40) if and only if ρ = 1. This fact justifies the existence of Riemann invariants
given explicitly by (24) for the case of a homogeneous fluid.
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